The effects of an external force on a diffusive process subjected to a backbone structure are investigated by considering the system governed by a Fokker-Planck equation with drift terms. Our results show an anomalous spreading which may present different diffusive regimes connected to anomalous diffusion and stationary states.
I. INTRODUCTION
"The ant in the labyrinth" was the term used by P. G. de Gennes [1] to illustrate the random walk problem in an infinite percolation cluster. As is known, the random walk concept is intrinsically related to diffusion phenomena, which, depending on the conditions imposed by the system, can exhibit unusual characteristics. One of them is the presence of anomalous relaxation, e.g., a nonlinear time dependence on the mean square displacement such as (r − r ) 2 ∼ t α (α = 1 is connected to anomalous diffusion). This power law has been widely found in several systems with disordered structures [2] , fractals [3] , and percolation clusters [4, 5] with α = 2/d W , where d W is the fractal dimension. In this scenario, a comb-like structure (see Fig. 1 ) was proposed as a model to investigate anomalous diffusion in percolation clusters with topological bias [6, 7] , wherein, according to Ref. [2] , the branches of the comb play the same role as the dangling ends of the percolation cluster and the backbone of the comb is analogous to the quasilinear structure of the backbone of the cluster.
A diffusive process subject to a comb-like structure is described by the following Fokker-Planck equation, as reported in Ref. [8] , 
where D y and D x are the diffusion coefficients in the x and y directions. The distributions obtained from this equation show that the diffusion in the x direction is not usual and can be connected to a fractional diffusion equation [9] [10] [11] , as shown in Refs. [12] [13] [14] . This model, which is a simplified picture of highly disordered systems, can be connected to a rich class of anomalous diffusive processes [8, [15] [16] [17] [18] due to the geometric constraints [19] with the advantage of performing an exact analysis and providing analytical solutions [20, 21] , which can be used as a guide for more complex situations. In previous work, the subdiffusive (α < 1) and superdiffusive (α > 1) cases have been addressed in Refs. [20] [21] [22] [23] [24] [25] [26] , a toy * eklenzi@dfi.uem.br model to describe the dynamics of cancer proliferation is developed in Refs. [27, 28] , in Refs. [29] and [30] a fractional quantum dynamics is investigated, in Ref. [31] the usual form of the comb model is extended by incorporating fractal aspects, and in Ref. [32] ultracold atoms in a one-dimensional are investigated. Furthermore, different diffusive regimes have been reported in Ref. [33] as a consequence of the backbone structure incorporated in the diffusion equation. Here, we investigate the effects produced by an external force on the diffusive processes subjected to the structure represented in Fig. 1 . In particular, we consider the Fokker-Planck equation
with v = (v x ,v y ), where v x , v y , and v x are constants. Equation (2) extends Eq. (1) by incorporating the drift term F = (v x + δ(y)v x ,v y ), which represents an external force acting on the system. The boundary conditions used to investigate the solutions of Eq. (2) are ρ(±∞,y; t) = 0 and ρ(x,±∞; t) = 0; i.e., the backbone and the branches of the comb are not limited. We also consider an arbitrary initial condition given by ρ(x,y; 0) = ρ(x,y), where ρ(x,y) is normalized. Our results show that the presence of the external force changes the diffusive process and may introduce different diffusive regimes depending on the choice of the parameters v x , v y , and v x . This work is organized as follows. The next section, Sec. II, is devoted to investigating the effects of the drift forces outside and inside of the backbone. In Sec. III, we present a summary of the results and our conclusions.
II. DRIFT FORCES AND BACKBONE STRUCTURE
Let us start our analysis by considering the case where drift forces act outside of the backbone structure, i.e., v x = 0, v y = 0, with v x = 0. For this case, by using the Green function approach, the distribution obtained from Eq. (2) is given by 
(details of calculations and useful properties of the H function can be found in Appendixes A and B). Now we address our attention to the relaxation of the system in order to characterize the effect produced by drift forces on system. In order to perform this analysis, we consider the mean square displacement for the x and y directions, for simplicity, by taking into account the initial conditionρ(x,y) = δ(x)δ(y − y ). After some calculation, it is possible to show that
and σ 2 y (t) = 2D y t. Equation (5) shows that the drift force v x does not influence the backbone structure and that, for v y = 0, we recover the mean square displacement presented in Ref. [20] . For v y = 0, we observe a kind of confined diffusive regime for long times, also called a saturation regime, as shown in Fig. 2 . This kind of behavior has been reported in Brownian dynamics simulations of a single polymer [34] , in time series of continuous-time random walk and fractional Brownian motion [35] , and also in living cells [36] [37] [38] [39] , where the crowded environment of the cytoplasm and the constrained diffusion are possible physical mechanisms of the anomalous diffusion. Moreover, once the comb model was proposed to mimic percolation-like structures, it is remarkable to note that the behavior of spreading obtained here is in good agreement with the diffusion reported in percolation clusters below the criticality, i.e., p < p c (where p c is the critical probability threshold of percolation transition) and the clusters are considered finite (see Ref. [2] ). Hence, due to the constant force acting on the y axis the system remains confined in the branches, i.e., the particles fall into a trap of the labyrinth and do not return to the backbone. In this manner, we verify that the drift term in the y direction changes the spreading of the system in the backbone and lead us to a stationary solution in the x direction. Let us incorporate the drift force acting in the backbone structure, i.e., v x = 0, in the x direction. The presence of this term in the external force leads us to the following expression for the Green function:
G(x,y,y; t) = −e 
where
and G α (x,y,z; u) = e 
and Figure 3 illustrates the behavior of the mean square displacement obtained for the previous equations by considering v y = 0 and v x = 0. An interesting feature is the presence of two different regimes after an initial transient. One of these regimes is subdiffusive and the other is usual. In this sense, note that the presence of the subdiffusive regime depends on the values of v x , e.g., v x 1 yields an usual behavior, while v x 1 yields a subdiffusive behavior. In addition, the same dynamical crossover between subdiffusion and normal diffusion is reported in Ref. [15] , where the authors studied the random walk in a comb lattice by numerical simulations. This kind of crossover is also found in polymer physics, where, according to Ref. [40] , the dynamics of a tagged monomer in a polymer must be anomalous until the terminal relaxation time, and this anomalous dynamics is connected to the mean relaxation response of the polymers to local strains [41] . In particular, for phantom Rouse polymers the mean square displacement of a tagged monomer behaves as t 1/2 until the terminal relaxation time τ , and only after that time does the dynamics of the polymer become diffusive [42] . Moreover, in the theory of percolation clusters diffusion is usual when percolation occurs, i.e., p > p c , and the clusters are considered infinite [2] . In Fig. 4 , we incorporate the drift term in the y direction, i.e., v y = 0, and a stationary behavior is obtained for the distribution in the x direction, since σ 2 x (t) is constant for long times as in the previous case worked out for the drift term outside of the the backbone structure.
III. DISCUSSION AND CONCLUSIONS
We have analyzed the Fokker-Planck equation in a backbone structure by considering the presence of drift terms acting in the y and x directions. The drift term has components inside and outside of this structure. For the case characterized by the drift terms with components outside of the backbone structure, the component dependent on v x does not influence the spreading of the system. In this case, the presence of v y leads us to a stationary solution for the x direction as shown in Fig. 2 , and as expected, it does not have an influence on the y direction, which is characterized by the usual diffusion. For the case v x = 0, v x = 0, and v y = 0, we obtain an interesting behavior for the system when the x direction is analyzed. It presents different diffusive regimes, one of which is subdiffusive and the other the usual. The existence of the subdiffusive behavior depends on the values of v x , i.e., for v x 1 the system remains in the subdiffusive regime for a long time, and for v x 1 the subdiffusive regime may not exist. This fact suggests that, for large values of v x , the system remains in the backbone structure for a short time, which is governed by the subdiffusive case in connection to the fractional diffusion equation. In this scenario, the presence of v y changes the last diffusive regime and leads us to a stationary solution as in the first case characterized by v y = 0 as illustrated in Fig. 2 . Finally, we hope that the results presented here are useful to discuss diffusive processes connected to anomalous diffusion.
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which can be solved using the Green function approach. Using this approach the solution of Eq. (A3) is given by
with the Green function obtained from the equation 
After some calculations, it is possible to show that
with β = v 
Note the presence of the generalized Mittag-Leffler function in the last part of the previous equation [43] . Performing the inverse Fourier transform on the x variable and considering some identities of the Fox H function [44, 45] 
